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Abstract
We derive an explicit expression for geometric measure of entangle-
ment for spin and other quantum system. A relation of entanglement
in pure state with the mean value of spin is given, thus, at the experi-
mental level the local measurement of spin may allow to find the value
of entanglement. The obtained form of the measure is applied to the
explicit characterization of bipartite entanglement for n-qubit systems
in the Werner state, Dicke state, GHZ state and trigonometric states.
In particular for Werner-like states the rule of sums is found and it is
shown that deviations from the symmetricity of such states diminishes
the amount of entanglement. For Dicke states the maximal value of bi-
partite entanglement is achieved when number of excitations is half of
the total number of qubits in these states. For trigonometric states the
bipartite entanglement is maximal and does not depend on the number
of qubits. We also consider entanglement of discrete-continuous sys-
tems on the example of entanglement of spin with continuous variables
of electron. The relation of entanglement with the mean value of spin
is very useful for calculation of entanglement. With the help of this
relation we find in explicit form the entanglement of the one spin with
the rest in a spin chain during the evolution determined by the Ising
Hamiltonian.
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1 Introduction
Quantification of entanglement is one of the principal challenges in quantum
information theory [1, 2]. Among the natural entanglement measures there
is the geometric measure of entanglement proposed by Shimony [3]. Its
properties for multiqubit systems were studied by Brody and Hughston [4]
and Wei and Goldbart [5]. A comparison of different definitions of the
geometric measure of entanglement can be found in [6]. We shall consider the
geometric measure of multiqubit entanglement defined as a minimal squared
distance between an entangled state |ψ〉 and a set of separable states |ψs〉
E = min
|ψs〉
(1− |〈ψ|ψs〉|2) = 1−max|ψs〉 |〈ψ|ψs〉|
2, (1)
where 1− |〈ψ|ψs〉|2 is the squared distance of Fubini-Study.
Despite its simple definition it involves a minimization procedure over
separable states. Therefore, an explicit value of geometric measure of entan-
glement can be derived only for a limited number of entangled states such
as GHZ states [5], Dicke states [5, 7], generalized W-states [8], graph states
[9] and other types of symmetric states (see also papers [10, 12, 13, 14, 15,
16, 17]).
In this paper we study entanglement of one qubit with some other quan-
tum system which can be, for instance, continuous variable quantum system,
arbitrary spin quantum system, composite quantum system, which consist
of many qubits or spins. We find in explicit form the geometric measure
of entanglement in a such case and illustrate the result on some examples.
Moreover, we find an interesting relation of mean value of spin, which is
experimentally measurable, and the entanglement. This allows a direct ex-
perimental determination of entanglement. We also show that this relation
is very useful for the calculation of entanglement.
2 Entanglement of qubit with an arbitrary quan-
tum system
Let us consider quantum system which consists of one qubit (or spin one
half) and some other quantum system. In general, quantum state of qubit
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which is entangled with some other quantum system can be written as follows
|ψ〉 = a|χ1〉|φ1〉+ b|χ2〉|φ2〉, (2)
where |χ1〉 and |χ2〉 are two orthogonal vectors which form the basis of one-
qubit space; |φ1〉 and |φ2〉 are arbitrary state vectors of quantum system
entangled with a qubit, constants a, b are real and positive, phase multipliers
can be included into |φ1〉 and |φ2〉, which satisfy normalization conditions
〈φ1|φ1〉 = 〈φ2|φ2〉 = 1. Note that in general this functions are not orthogonal
〈φ1|φ2〉 6= 0. Normalization condition 〈ψ|ψ〉 = 1 gives a2 + b2 = 1.
For beseparable state we have
|ψs〉 = |χ〉|φ〉, (3)
where
|χ〉 = cos(θ/2)|χ1〉+ sin(θ/2)eiα|χ2〉 (4)
is an arbitrary qubit state, |φ〉 is an arbitrary quantum state of the second
system. Note that to describe states of qubit system we use the letter χ
with an appropriate index and for the second quantum system we use φ.
Then
〈ψ|ψs〉 = a cos(θ/2)〈φ1|φ〉+ b sin(θ/2)eiα〈φ2|φ〉, (5)
where 0 ≤ θ ≤ pi, 0 ≤ α ≤ 2pi.
Now we have to find a maximum of |〈ψ|ψs〉|2 with respect to |φ〉 and
with respect to |χ〉, which depends on θ and α.
First let us consider the maximum of |〈ψ|ψs〉|2 with respect to |φ〉. For
this purpose let us rewrite (5) as follows
〈ψ|ψs〉 = λ〈φ˜|φ〉, (6)
where
|φ˜〉 = 1
λ
(
a cos(θ/2)|φ1〉+ b sin(θ/2)e−iα|φ2〉
)
. (7)
We find the constant λ from the normalization condition 〈φ˜|φ˜〉 = 1:
λ2 =
1
2
+
1
2
(a2 − b2) cos(θ) + ab sin(θ) cos(α− β)|〈φ1|φ2〉|, (8)
where 〈φ1|φ2〉 = |〈φ1|φ2〉|eiβ , and thus
|〈ψ|ψs〉|2 = λ2|〈φ˜|φ〉|2. (9)
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The maximum of |〈ψ|ψs〉|2 with respect to |φ〉 is achieved when |φ〉 = |φ˜〉:
max
|φ〉
|〈ψ|ψs〉|2 = λ2. (10)
The maximum with respect to α and θ is achieved for α = β and takes
the form
max
|φ〉,α,θ
|〈ψ|ψs〉|2 = max
α,θ
λ2 =
1
2
+
1
2
√
(a2 − b2)2 + 4a2b2|〈φ1|φ2〉|2. (11)
Thus, the geometric measure of bipartite entanglement reads
E =
1
2
(
1−
√
(a2 − b2)2 + 4a2b2|〈φ1|φ2〉|2
)
. (12)
Note that the maximal value of geometric measure of entanglement
Emax = 1/2 is achieved at 〈φ1|φ2〉 = 0 and a = b. Thus 0 ≤ E ≤ 1/2.
Let us apply the general result (12) to some specific case when |φ1〉 =
|φ2〉. In this case state (21) is separable. Then
E =
1
2
(
1−
√
(a2 − b2)2 + 4a2b2
)
=
1
2
(
1−
√
(a2 + b2)2
)
= 0, (13)
as it must be in this case. Here we use the normalization condition a2+b2 =
1.
3 Relation of entanglement with the mean value
of spin
Let the qubit is realized with the help of spin. Without loss of generality
we choose basis vectors of the qubit in (21) as follows
|χ1〉 = |0〉 = | ↑〉, |χ2〉 = |1〉 = | ↓〉. (14)
Then the direct calculations of the mean value of spin in state (21) give
〈σx〉 = 2ab|〈φ1|φ2〉| cos β, (15)
〈σy〉 = 2ab|〈φ1|φ2〉| sin β, (16)
〈σz〉 = a2 − b2, (17)
where σα are the Pauli matrixes. Here we use that 〈φ1|φ2〉 = |〈φ1|φ2〉|eiβ .
As a result we find
〈σ〉2 = 〈σx〉2 + 〈σy〉2 + 〈σz〉2 = (a2 − b2)2 + 4a2b2|〈φ1|φ2〉|2. (18)
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Comparing it with (12) we find that the geometric measure of the entangle-
ment can be related to the mean value of spin
E =
1
2
(1− | 〈σ〉 |) , (19)
where | 〈σ〉 | =
√
〈σ〉2.
When a spin state is separable from a state of other system, then one
can verify that
〈σ〉2 = 〈χ|σ|χ〉2 = 1 (20)
for an arbitrary state of spin |χ〉 = c1| ↑〉 + c2| ↓〉. Thus in this case E = 0
as it must be.
In conclusion of this section let us show that independently of the notion
of the geometric measure of entanglement, it is possible to relate the concur-
rence with the mean value of spin for a state of spin systems. In the Schmidt
decomposition a state vector of spin interacting with some quantum system
reads
|ψ〉 = a|α1〉|φ1〉+ b|α2〉|φ2〉, (21)
where constants a, b are real and positive satisfying normalization condition
a2 + b2 = 1, |α1〉 and |α1〉 are two orthogonal states of spin
|α1〉 = | ↑〉+ α| ↓〉√
1 + |α|2 , |α2〉 =
α∗| ↑〉 − | ↓〉√
1 + |α|2 , (22)
and |φ1〉, |φ2〉 are two orthogonal states of arbitrary quantum system with
which the spin interacts, 〈φ1|φ2〉 = 0.
Concurrence in this case reads
C = 2ab = b
√
1− b2 (23)
On the other hand
〈σ〉2 = (a2 − b2)2 = (1− 2b2)2 (24)
Substituting b2 from (24) into (23) we find the following relation of the
concurrence and the mean value of spin
C =
√
1− 〈σ〉2. (25)
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Comparing (25) with (19) we find the relation of geometric measure of
entanglement with concurrence of spin with arbitrary quantum system
E =
1
2
(1−
√
1− C2). (26)
Thus by measuring local properties of quantum system, namely mean
value of spin, we can establish the value of entanglement of spin with other
quantum system. It must be emphasized that during this measurement we
must be sure that the quantum state is a pure one. The questions on testing
the entanglement with local measurements can be found, for instance, in
[18, 19, 20].
4 Geometric measure of entanglement for princi-
pal families of n-qubit states
Entanglement monotones for multi-qubit systems are still to be defined for
higher n, n > 4, even for pure states. Here we want to get some partial
information on the measure of entanglement for some families of n-qubit
pure states known to be highly entangled for lower n. Namely, we shall
consider n-qubit Werner states, Dicke states, GHZ states and trigonometric
states (n-qubit cosine and sine states). An interesting conclusion is that for
some of the above families degree of bipartite entanglement does not depend
on the size of the system, i.e., number of qubits.
4.1 Werner states
In general the Werner-like state (generalized W-state) for n qubits reads
|Wn〉 = c1|100...0〉 + c2|010...0〉 + ...+ cn|000...1〉, (27)
where
∑
i |ci| = 1. We can write it in the following form
|Wn〉 = c1|1〉1|00...0〉2...n + |0〉1(c2|10...0〉2...n + ...+ cn|00...1〉2...n). (28)
It can be reduced to form (21), where
|χ1〉 = |1〉1, |χ2〉 = |0〉1, (29)
|φ1〉 = |0〉2...|0〉n, (30)
|φ2〉 = 1|c2|2 + ...|cn|2 (c2|10...0〉2...n + ...+ cn|00...1〉2...n), (31)
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and
a = |c1|, b2 = |c2|2 + ...|cn|2 = 1− |c1|2. (32)
Note that for above decomposition 〈φ1|φ2〉 = 0. According to Eq. (12) the
entanglement of the first qubit with n− 1 other qubits in the Werner state
is
E1 =
1
2
(1− |a2 − b2|) = 1
2
(1− |1− 2|c1|2|). (33)
Obviously, for entanglement of the i-th qubit with other qubits we have
the similar result
Ei =
1
2
(1− |1− 2|ci|2|). (34)
Note that maximal value Ei = 1/2 is attained at |ci|2 = 1/2.
In conclusion let us note an interesting relation. Consider such a Werner-
like state for which all |ci|2 ≤ 1/2. Then
Ei = |ci|2 (35)
and thus
n∑
i=1
Ei =
n∑
i=1
|ci|2 = 1. (36)
In particular, the above sum rule is valid for the proper Werner state of
n-qubits with ci =
1√
n
and partial entanglement measures Ei =
1
n
. The
small deviations from symmetricity of the Werner-like state (i.e. such that
ci are not equal, but still |ci|2 ≤ 12 ) do not change the total amount of
entanglement. When not all ci are such that |ci|2 ≤ 1/2, then we get only
the majorization. Namely, let |cm|2 > 1/2. Obviously, it is only possible for
one value of the index m, hence
n∑
i=1
Ei =
n∑
i=1,i 6=m
|ci|2 + 1− |cm|2 = 2(1− |cm|2) < 1. (37)
This means that for a strongly nonsymmetric Werner-like states i.e. with
one coefficient cm such that 1 > |cm|2 > 12 ≥ |ci|2 the amount of total
entanglement is diminished and
∑
Ei → 0 for |cm|2 → 1.
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4.2 Dicke states
The Dicke state for n qubits is defined as follows
|Dn,k〉 = A
∑
perm
|0〉 . . . |0〉︸ ︷︷ ︸
n−k
|1〉 . . . |1〉︸ ︷︷ ︸
k
= (38)
= A(|1, 1, ..., 1, 1, 0, 0, ..., 0〉 + |1, 1, ..., 1, 0, 1, 0, ..., 0〉 + ...,
+|0, 0, ..., 0, 1, 1, ..., 1〉).
Each state in this superposition contains k unities (excitations) and n − k
zeros. the number of states in (38) is Ckn = n!/k!(n − k)! and thus the
normalization constant reads A =
√
1/Ckn. Distinguishing the first qubit we
rewrite (38) in form (21) where
|χ1〉 = |1〉1, |χ2〉 = |0〉1, (39)
|φ1〉 = |Dn−1,k−1〉2,...,n = A1
∑
perm
|0〉 . . . |0〉︸ ︷︷ ︸
n−k
|1〉 . . . |1〉︸ ︷︷ ︸
k−1
|φ2〉 = |Dn−1,k〉2,...,n = A2
∑
perm
|0〉 . . . |0〉︸ ︷︷ ︸
n−k−1
|1〉 . . . |1〉︸ ︷︷ ︸
k
.
Note that states in |φ1〉 contain k − 1 units and n − k zeros, states in |φ2〉
contain k units and n− k− 1 zeros. The number of states in |φ1〉 is Ck−1n−1 =
(n − 1)!/(k − 1)!(n − k)! and in |φ2〉 is Ckn−1 = (n − 1)!/(k)!(n − 1 − k)!.
Normalization constants are A1 = 1/
√
Ck−1n−1 and A2 = 1/
√
Ckn−1. Then
a = A/A1 =
√
Ck−1n−1/Ckn =
√
n1/n and b =
√
Ckn−1/Ckn =
√
(n− k)/n.
Taking into account the orthogonality of states |φ1〉 and |φ2〉 the entan-
glement measure of one qubit with n− 1 other qubits reads
E1 =
1
2
(1− |a2 − b2|) = 1
2
(
1−
∣∣∣∣1− 2kn
∣∣∣∣
)
. (40)
The maximal value of the measure of entanglement E1 = 1/2 is reached at
k = n/2.
Note that for k = 1 the Dicke state is, in fact, equall to the proper Werner
|Dn,1〉 = |Wn〉 and for the entanglement mesure we obtain E1 = 1n . This
is in agrement with the result obtained in the previous section for proper
Werner state. For k > 1, |Dn,k〉 are also called the cluster Werner states.
The states |Dn,k〉 and |Dn,n−k〉 are dual in the sense of the general notion
of pure state duality introduced in Refs. [21, 22, 23, 24].
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4.3 GHZ states
A general GHZ-like state can be taken in the form
|GHZ〉 = c1|000...0〉 + c2|111...1〉 (41)
in this case
|χ1〉 = |0〉1, |χ2〉 = |1〉1, (42)
|φ1〉 = |00...0〉2...n, (43)
|φ2〉 = |11...1〉2...n, (44)
with a = |c1| and b = |c2| =
√
1− |c1|2. As for the Werner states above
|φ1〉 and |φ2〉 are orthogonal, but contrary to the Werner case the number of
constants c1 and c2 is independent on the size of the n-qubit system. Hence
E =
1
2
(1− |1− 2|c1|2|). (45)
For the proper GHZ-state E = 1/2.
4.4 Trigonometric states
Recently there were discussed states with interesting properties which in
the formalism of nilpotent quantum mechanics [21, 24] are naturally defined
as trigonometric functions of nilpotent commuting variables [25, 26]. The
formalism using η-variables (commuting nilpotent variables) is very efficient
in the algebraical description of entanglement and reveals many proper-
ties of multi-qubit states from the functional point of view. As concerns
η-trigonometric functions, isolated examples of states belonging to these
families were considered independently of this context in quantum optics
as pure states with interesting entanglement properties appropriate to test
entanglement monotones [27]. Here we shall consider the sin-states and
cos-states using only their binary basis representation (the η-function rep-
resentation is given in Refs. [21, 24, 25, 26] where relation to trigonometric
functions is shown).
To get some intuition let us begin with some explicit formulas for n =
3, 4. We shall use the following naming convention: trigonometric state is a
state of n-qubits defined by η-trigonometric function and normalized. The
cosine and sine states for three qubits have the following form
|ψ(3)c 〉 =
1
2
(|000〉 − |110〉 − |101〉 − |011〉), (46)
|ψ(3)s 〉 =
1
2
(|100〉 + |010〉 + |001〉 − |111〉). (47)
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Now the one of possible bipartite decompositions of such a states can be
written as
|ψ(3)c 〉 =
1
2
|0〉(|00〉 − |11〉) − 1
2
|1〉(|10〉 + |01〉), (48)
|ψ(3)s 〉 =
1
2
|0〉(|10〉 + |01〉) + 1
2
|1〉|00〉 − |11〉). (49)
Identifying two-qubit GHZ and W states |GHZ〉− = 1√
2
(|00〉 − |11〉) and
|W 〉 = 1√
2
(|01〉 + |10〉) we can write
|ψ(3)c 〉 =
1√
2
|0〉|GHZ〉− − 1√
2
|1〉|W 〉, (50)
|ψ(3)s 〉 =
1√
2
|0〉|W 〉+ 1√
2
|1〉|GHZ〉−. (51)
As |W 〉 and |GHZ〉− are orthogonal from the Eq. (12) one gets that
E(ψ
(3)
c ) = E(ψ
(3)
s ) =
1
2 .
To illustrate the form of cosine and sine states for even number of qubits
let us write them explicitly for four qubits. Namely, they take the following
form respectively
|ψ(4)c 〉 =
1
2
√
2
(|0000〉 − |1100〉 − |1010〉 − |1001〉 − |0110〉 (52)
− |0101〉 − |0011〉 + |1111〉),
|ψ(4)s 〉 =
1
2
√
2
(|1000〉 + |0100〉 + |0010〉 + |0001〉 − |1110〉 (53)
− |1101〉 − |1011〉 − |0111〉).
Now, we shall consider generic families of trigonometric states |ψ(n)s 〉 and
|ψ(n)c 〉 for n qubits, with arbitrary n. The motivation of the definition comes
from the η-function formalism and can be found in [21, 24]. Let |cosαn〉 and
|sinαn〉 denotes cosine and sine for n qubits, using binary bases we have
|sinαn〉 =
∑
k odd
∑
perm
(−1)k−12 |0〉 . . . |0〉︸ ︷︷ ︸
n−k
|1〉 . . . |1〉︸ ︷︷ ︸
k
(54)
and similarly
|cosαn〉 =
∑
k even
∑
perm
(−1)k2 |0〉 . . . |0〉︸ ︷︷ ︸
n−k
|1〉 . . . |1〉︸ ︷︷ ︸
k
. (55)
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Resulting normalized states have the following form [26]
|ψ(n)s 〉 = 2−(
n−1
2
)|sinαn〉, (56)
|ψ(n)c 〉 = 2−(
n−1
2
)|cosαn〉. (57)
To calculate geometric measure of entanglement using Eq. (12) let us
write above states in bipartite decomposition into the subsystems composed
of one qubit and n − 1 qubits. Using reduction formulas for the “sum of
angles” for η-trigonometric functions [21] we can write decompositions (we
detach one qubit from the rest n− 1 qubits)
|sinαn〉 = |0〉|sinαn−1〉+ |1〉|cosαn−1〉, (58)
|cosαn〉 = |0〉|cosαn−1〉 − |1〉|sinαn−1〉. (59)
above relations written in terms of normalized states give
|ψ(n)s 〉 = 2−
1
2 (|0〉|ψ(n−1)s 〉+ |1〉|ψ(n−1)c 〉), (60)
|ψ(n)c 〉 = 2−
1
2 (|0〉|ψ(n−1)c 〉 − |1〉|ψ(n−1)s 〉). (61)
Finally, the geometric entanglement measure for above families of states
gives n independent value, i.e. E(|ψns 〉) = E(|ψnc 〉) = 12 . It is interesting
because, as we have seen for n = 3, the trigonometric states can be decom-
posed into an appropriate sum containing Werner or cluster Werner states
(i.e.|Dn,k〉), for which the value of entanglement measure depends on n, but
these states enter the trigonometric state expansion in such a way that the
total result is independent of the number of qubits.
4.5 Discrete-continuous entanglement
It turns out that the obtained geometric measure of entanglement (12) and
(19) is also suitable for calculation of entanglement between discrete system
which is represented by qubit or spin and arbitrary continuous variables
system (for description of discrete-continuous entanglement, cf. Refs. [28,
29]).
As an example we shall consider an electron in magnetic field B(x, y),
which is parallel to z axis and motion of which is supersymmetric. The
supersymmetry of electron in magnetic field was studied, for instance, in [30,
31] (see also references therein). As a result of supersymmetry all nonzero
energy levels are two fold degenerated and wave function can be written in
the form
ψ = a| ↑〉φ1(x, y) + b| ↓〉φ2(x, y), (62)
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where φ1(x, y) and φ2(x, y) are orthogonal. For the entanglement between
the spin of electron and continuous variables x, y we obtain
E =
1
2
(1− |a2 − b2|) = 1
2
(1− |〈σz〉|). (63)
As we see from the above expression, the experimental measure of the mean
value of spin 〈σz〉 in a pure quantum state gives a possibility to find the
value of entanglement of spin with continuous variables of electron.
5 Entanglement in spin chain
In this section we study the entanglement of one spin with others in a spin
chain. Relation (19) between entanglement and mean value of spin obtained
in Section 3 is very useful for this. Let us consider the spin chain with
Hamiltonian
H = J
N−1∑
i=1
σxi σ
x
i+1, (64)
where N is the number of spins in chain, σxi is the Pauli matrix of i-th spin.
This Hamiltonian represents the Ising model. We consider the evolution of
spins starting at time t = 0 from a factorized state
|ψt=0〉 = |ψ1〉|ψ2〉 · · · |ψN 〉, (65)
where
|ψi〉 = ai| ↑〉i + bi| ↑〉i (66)
is the state of i-th spin.
The entanglement for a initial state (65) is absent. Interaction with
Hamiltonian (64) leads to the appearance of entanglement during the evo-
lution. We study the entanglement of the first spin with other N − 1 spins
at time t. In order to calculate the magnitude of the entanglement we use
formula (19) relating entanglement with mean value of spin. In our case it
is necessary to calculate the mean value of the first spin, namely
〈σ1〉 = 〈ψ(t)|σ1|ψ(t)〉 , (67)
where vector of state at time t is given by
|ψ(t)〉 = exp(−iωt
N−1∑
i=1
σxi σ
x
i+1)|ψt=0〉 =
N∏
i=1
exp(−iωtσxi σxi+1)|ψt=0〉, (68)
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here ω = J/~. Substituting it into (67) we find that exponents in the
operator of evolution which does not contain σx1 is canceled. As a result, for
the mean value of the first spin we obtain
〈σ1〉 =
〈
ψ2|
〈
ψ1|eiωtσx1 σx2σ1e−iωtσx1 σx2 |ψ1
〉 |ψ2〉 . (69)
Using equality
eiωtσ
x
1
σx
2 = cosωt+ iσx1σ
x
2 sinωt, (70)
there is no problem to calculate this mean value and we have
〈σx1 〉 = 〈σx1 〉0, (71)
〈σy1〉 = cos 2ωt〈σy1〉0 − sin 2ωt〈σz1〉0〈σx2 〉0, (72)
〈σz1〉 = cos 2ωt〈σz1〉0 + sin 2ωt〈σy1〉0〈σx2 〉0, (73)
where 〈σαi 〉0 = 〈ψi|σαi |ψi〉0 is the mean value of i-th spin (i = 1, 2, α = x, y, z)
in the initial state at t = 0. Then according to (19) the entanglement of the
first spin with others in the spin chain reads
E =
1
2
(
1−
√
〈σx1 〉20 + (cos2 2ωt+ sin2 2ωt〈σx2 〉20)(〈σy1 〉20 + 〈σz1〉20)
)
. (74)
It is interesting to note that the entanglement of the first spin with others
in the spin chain depends only on the mean value of the first and second
spins that is the result of nearest-neighbor interactions in Hamiltonian. One
can verify that at t = 0 the entanglement is zero as it must be for factorized
state. Really, at t = 0 under the square root we have 〈σ1〉20 that is equal
to unity for an arbitrary state of the first spin and therefore E = 0 for the
initial state.
Now we apply (74) for some concrete initial states. Let the state
|ψi〉 = 1√
2
(| ↑〉i ± | ↑〉i) (75)
is the eigenstate of σxi . In this case the initial state (65) is the eigenstate
of Hamiltonian (64). Therefore, the initial state does not change during the
evolution and thus entanglement for all times is zero. One can verify that the
same result follows from (74). For (75) the mean value of the components
for the first spin are 〈σx1 〉0 = ±1, 〈σy1〉0 = 〈σz1〉0 = 0 and according to (74)
in this case E = 0.
Note here that E = 0 when only the second spin is in state (75). Then
〈σx2 〉20 = 1 and under the square root we have 〈σ1〉20 that is equal to unity for
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an arbitrary state of the first spin and therefore E = 0. Thus, in order to
generate the entanglement between first spin and others the mean value of
x-component of the second spin in the initial state must satisfy the following
condition 〈σx2 〉20 6= 1.
Now let us consider the initial state for N spins as follows
|ψt=0〉 = | ↑〉1| ↑〉2 · · · | ↑〉N . (76)
In this case the entanglement (74) is simplified to
E =
1
2
(1− | cos 2ωt|) . (77)
Finally let us stress that the relation between entanglement and mean
value of spin (19) plays the crucial role in the calculation of the entanglement
during the evolution of spins. As result it is not necessary to find state vector
during the evolution explicitly. We can directly calculate the mean value of
spin and find the entanglement.
6 Conclusions
In this paper we have given the explicit formula (12) for the geometric mea-
sure of entanglement between one qubit (spin) and an arbitrary quantum
system, what is more, the relation of entanglement with the mean value of
spin has been found (19). This opens a possibility to determine experimen-
tally the value of entanglement using local properties of quantum system
and measuring the mean value of spin. It should be emphasized that during
this measurement we have to be sure that the quantum state is pure one.
The result is of general character and can be applied to various quantum
states. As an illustration we consider the measure of entanglement of a
one qubit with the n− 1 qubits in the family of the n-qubit Werner states,
Dicke states, GHZ states and trigonometric states (n-qubit cosine and sine
states). In the case of Werner state there is the rule of sum for entanglement.
Namely, when all |ci|2 ≤ 1/2, the sum of geometric measure of entanglements
of all qubits is equal to 1 (almost symmetric Werner-like states) and for the
nonsymmetric Werner-like states the degree of entanglement is diminished.
For the Dicke states we show that the maximal value of the entanglement
of one qubit with the rest of the system is achieved when number of units
(excitations) equals to number of zeroes. Moreover, for trigonometric states
the measure of entanglement of a qubit with remaining ones is maximal and
does not depend on the number of qubits.
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The result can also be applied to characterize the discrete-continuous
entanglement. Here, as an example we consider the entanglement of spin
with continuous variables of electron moving in a magnetic field parallel to
z axis and find that geometric measure of entanglement is related to the
mean value of z component of spin. Measuring experimentally the mean
value of electron spin we can find the value of entanglement of the spin with
continuous variables of electron.
Finally note that the relation of the entanglement with the mean value of
spin (19) is very useful for the calculation of entanglement. As an example
we consider the entanglement of the first spin with others in spin chain
during the evolution with the Ising Hamiltonian. For the calculation of
entanglement it is not necessary to find state vector during the evolution
explicitly. It is enough to find mean value of the first spin and with the
help of (19) to find entanglement. In such a way we find in explicit form
the entanglement of the first spin with others (74) in the Ising spin chain
during the evolution.
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